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Let S be a surface. We asymptotically enumerate two classes of n-edged maps on 
S as N+ co: tree-rooted and tree-rooted smooth. These results are based on a 
system of equations enumerating single vertex maps and on a relation found by 
Walsh and Lehman for the case of orientable surfaces between tree-rooted and 
single vertex maps. 0 1988 Academic Press, Inc. 
1. INTRODUCTION 
Let S be a conected compact 2-manifold without boundary. A map 
(G, S) is a graph G embedded in S in such a way that each connected 
component of S - G is simply connected; that is, each face of (G, S) is a 
disk. In particular, it follows that G is connected. 
A map is rooted if an edge, a direction along the edge, and a side of the 
edge are distinguished. The edge is called the root (edge) and the face on 
the distinguished side is called the root face. A map is smooth if it has no 
vertices of degree less than 2. 
A rooted map is tree-rooted if a spanning tree of edges is distinguished. 
The spanning tree may or may not contain the root edge. 
Throughout we shall use g to denote the type of a surface S, defined by 
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where x is the surface’s Euler characteristic. If (G, S) is a map, then the 
type of S must be 
1 - ;(U - e +f), 
where U, e, f are respectively the number of vertices, edges, and faces of the 
map. 
Let w,(n) be the number of n-edged tree-rooted maps on an orientable 
surface of type g, and let U,(n) be the corresponding number for a 
nonorientable surface of type g. Define KS&n) (resp. US&n)) to be the 
number of n-edged tree-rooted smooth maps on an orientable (resp. 
nonorientable) surface of type g. We will prove: 
THEOREM 1. For g fixed and n -+ cc, 
W,(n) N wgn3g-316n when g > 0 is an integer; 
Ws’,(n) - (4/J) x--1)/2Wgn39-3(7+4,/5)” when g > 0 is an integer; 
U,(n) N ugn3g-316n when g > 0 is a half integer; 
USg(n)- (4/3)3(g-‘J’2 ugn3g-3(7 + 4 J?)’ when g > 0 is a halfinteger; 
where wg = 4/(96gng!) and the u, are computable via linear recursions. The 
first few values of the latter are 
u1/2 = l/A u1= l/471 
u3,2 = l/24 &i~ 242 = l/12872 
us/2 = 1 /3227 $i uj = 441/5 . 34 .2 1371. 
Walsh and Lehman [S] introduced tree-rooted maps on an orientable 
surface. They obtained a relation between tree-rooted and single vertex 
maps, which we shall show holds for any surface, By means of an explicit 
formula for single vertex maps, they showed [S, (20)] 
W,(n) = 
(2n)! Lf Ak, k)(2n + 2 - 2g - k)! 
n!(n + l)! 22g ,=,Wn+2-2g-k)!(n+ 1 -2g-kk)!’ 
(1.1) 
where A(0, 0) = 1 and, otherwise, A(g, k) is the sum of 
over all k-tuples (iI, . . . . ik) of positive integers with C ij=g. They also 
obtained an explicit formula for WSJn) [S, pp. 14&141]. By evaluating 
these sums asymptotically, we obtain half of Theorem I. 
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Since we have been unable to obtain an explicit formula for single vertex 
maps on nonorientable surfaces, we used the methods in [2] to enumerate 
them asymptotically and then exploited the Walsh and Lehman connection 
with tree-rooted maps. 
Our paper is organized as follows. Sections 2 and 3 use the methods 
of [2] to study one vertex maps. Section 4 connects this result with 
tree-rooted and tree-rooted smooth maps, thereby obtaining Theorem 1. 
Section 5 discusses the problem of obtaining a formula like (1.1) for U,(n) 
and thereby obtaining an explicit formula for ug. Many of our proofs are 
similar to those found in [2]. For this reason, they are abbreviated and 
readers interested in a careful checking of details should have [2] available. 
2. GENERATING FUNCTIONS 
Following [2], define for any k-tuple of positive integers (fi, . . ..fk) the 
number m&e, r,fi, . . ..fk) to be the number of rooted, l-vertex, e-edged 
maps on a surface of type g in which the root face has r edges and in which 
k distinct non-root faces are distinguished, the ith of which hasfj edges. (If 
a face borders an edge on both sides, we adopt the usual convention of 
counting the edge twice.) When g is a positive integer, maps on both the 
orientable surface and the nonorientable surface of type g contribute to the 
count. When Z = {ii < i, < . . .} is a finite set of positive integers, define 
M,(x,y, Z)=Cm,(e, r,fi, . ..)x’y’z$ .... 
For integral g define &?Jx, y, I) identically to M&x, y, I) except that only 
maps on orientable surfaces contribute. We have 
THEOREM 2. Let o $ Z be an integer. Then, 
1M,(x,y,z)=2x~‘~M,~*(x,~,z+m) lZ,==J’ 
0 
+ xy*; (YMg- 1& YT 0) 
(2.1) 
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and 
+ iFIz (ziA2g(x> zi, z-i)-yi@g(x, Y> I-j)) 
I 
+ hlg~~,~~ 0.2) 
where 6 is the Kronecker delta and M, = &g = 0 for g < 0. 
ProoJ: The same proof used for Theorems 2 and 4 in [2] works here, 
with the observation that the case labeled Al cannot occur for maps with 
one vertex. 1 
Let J,(n) (resp. K,(n)) count the n-edged, l-vertex, rooted maps on an 
orientable (resp. nonorientable) surface of type g, so that in terms of the 
generating functions just introduced we have 
c (J,(n) +K,(n)) x” = ~,(x, 4 63) 
and 
Of course, J,(n) = 0 when g is a half-integer. 
3. ASYMPTOTICS FOR ~-VERTEX MAPS 
Let Z be a finite (possible empty) set of positive integers. For a a vector 
of non-negative integers cli such that ai = 0 for i 4 Z, let Ial equal C ai. Let 
o -+j be the vector of all zeroes except a j in the oth coordinate. Define 
constants dF)(Z, a) and $!)(I, a) by the boundary conditions 
&‘(@, 0) = $q’(gj 0) 2 4-t 
2 
for t30 (3.1) 
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and, for (g, I) # (0, 0) and w  $1, the recursions 
2,p ~ “(Z, a) = g 
+8i w,a+o+(k+l)) 
k=O 
+ 4@?:/)2(1, a) 
(3.2) 
and 
k=O 
+4c 
t !  a,! 
it,(t+a,+ I) !  4g 
-(t+2,+1)(z-i, a 1,&J. (3.3 1 
In this section we will prove 
THEOREM 3. We have 
J,(n) -jgn3g- 3’24n, 
and 
g a nonnegative integer; 
&(n) w kgn3g ~ ‘/*4”, g a positive half infeger, 
where jg is zero for non-integers, 
jg = 1/12gg! & 
and 
(3.4) 
kg= -j,+(S+!!,({o>, OJ + 1) + 4#’ 1,2(12J, O))/mT - 9. (3.5) 
Proof. By [5, (17)l 
J,(n) = 
(2n)! n--g+1 
22g(n - 2g + 1 )! n! 
k (3.6) 
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where A(g, k) is as in (1.1). Since A(g, g)= 3-g and (for fixed g and 
tZ+cO) 
it follows that 
2-l 2n ng 
JgW -2”g 
( ) 
n p&j&. 
The remainder of the proof corresponds to the proof of Theorem 1 in 
[Z]. When both sides of (2.1) are multiplied by (1 - y)/xy and all terms 
involving Mg(x, y, I) are moved to the left sides, the left side becomes 
A(x, Y) M,(x, Y, Zj/xY, where 
A(x,y)= 1 -y+xy2, (3.7) 
corresponding to [2, (2.1)]. We let f=f(x) satisfy A(x,f(x)) = 0; that is 
f(x)= 
l-&-G 
2x . (3.8) 
For each a with support in Z define H as in [2]: 
As in Eq. (3.3) of [2], 
In a similar manner, starting with (2.2) we obtain 
&(x7 1, m=f2(f-1)fi~ogx, {o},o+l) 
+ ~o,g(f- 1 M 
Following the proofs of Theorems 3 and 5 of [2], but using (3.7) for 
A(x, y) and (3.8) forf(x), it can be shown that 
HF)(x, Z, a) c @)(I, a)( 1 - 4x) -’ as x+a 
582a/48/2-2 
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and that 
Z?i)(x, Z, a) z $:)(I, a)( 1 - 4~)~~ as x++, 
where z is defined in [Z], 
e=(6g+t+3lZl+lal+1)/2 
and q5 and $ are given by (3.1)-( 3.3 ). The desired conclusions concerning k, 
then follow by using [ 1, Theorem 43 and the observation from (3.2) and 
(3.3) that @)(I, rx) > dt)(I, a) when g > 0. 1 
4. PROOF OF THEOREM 1 
As was observed in [S, pp. 137, 1401 for the orientable case, because 
trees are contractible, there is a fairly simple connection between J and W 
and WS: 
W,(n)= f: 2n ,_,(,)Fx) Jg(n-p) (4.1) 
and 
WS,(n)= t 
2n(n+b-2)!(n+b-I)! 
b=O (2b)!(2&2)!(n-b)!(n-b+ l)! Jg(b)’ (4.2) 
The result depends only on the contractability of a tree and not on the 
orientability of the surface. Hence we may replace W, WS, and J by U, US, 
and K in (4.1) and (4.2). From Theorem 3, it sufftces to do one set of 
calculations and simply replace j, by k, in the results. 
We begin with (4.1), Since 
1 
- 2p -4P*-3l2/&, 
( > P-t1 P 
it follows from Theorem 3 that the main contribution to (4.1) is near 
p = n/2. Using standard methods [l] with p = x + n/2, 
and so 
wg = 4/(96%g!). 
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Similarly, 
ug = k,22 - 3g/&. (4.3) 
The largest terms in (4.2) occur near b = n/a. With b = x f n/$ and 
some work with Stirling’s formula, 
b (1 + l/$)3(1 - 1:& ?‘l 
- 6i,@~/>)~~ - 3’2 3 + fi 
C2”Ce , ~ 3 JT x$l 
(2+&n 47&J& 1)n 
where 
C= 
(1 + l/$)1 + I’d 
(2/3)@(1- l/d)‘-“3 
=2+& 
After some calculation we obtain the formula for l+%,(n). The formula for 
US,(n) follows similarly. 1 
5. FINDING AN EXPLICIT FORMULA FOR ug 
Equation (3.6), taken from [S, p. 1391, is based on the explicit formula 
C4, @)I for F(d,, . . . . d,), the number of dicings with one face and v vertices 
of degrees d,, . . . . d,. In a dicing the vertices are ordered by being assigned 
the labels 1, 2, . . . . v; each vertex has a distinguished incident edge end, and 
an orientation is specified at the last vertex. The type of the underlying 
surface may be calculated from the Euler characteristic. 
It is possible to derive a recursion corresponding to [4, (7)] for dicings 
on all surfaces, orientable and nonorientable; however, we have not been 
able to find an explicit solution. Perhaps greater ingenuity is needed or 
perhaps one needs to employ the ideas of Jackson and tie them in. Here is 
how that works. Counting n-edged, l-vertex, rooted maps on an orientable 
surface is equivalent to counting permutations of { 1, 2, . . . . 2n) having 
2(n -g) + 1 cycles and expressible as the composition of a fixed-point free 
involution with the full cycle (1, 2, . . . . 2n). In [3] this problem is 
generalized and group characters are used to study it. 
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